Mid-infrared (MIR) optical frequency combs (OFCs) are ideal light sources for precision metrology and can find extensive applications, especially in molecular spectroscopy and gas detection. Here the generation of mode-locked MIR frequency comb in a LiNbO 3 microring through optimized slot-waveguide design is proposed. Such microcomb can span over four-fifths of an octave (ranging from ∼2810 nm to ∼4630 nm) with pump power as low as 50 mW, which can be applied to the 2f-3f self-referencing for fully stabilization and helpful to monolithic integration of the whole system. Further investigations on complex dynamical processes for the microcomb generation suggest that the intracavity soliton drifting caused by the third-order dispersion could be compensated by the self-steepening effect as introducing an additional drift through proper dispersion tailoring. This work could facilitate the low-threshold broadband MIR frequency comb generation technique, as well as provide a way to realize more delicate control of soliton microcombs in both temporal and spectral domain.
Introduction
MIR frequency combs have prospective applications in molecular spectroscopy and gas sensing due to the strong and specific absorption of various molecules in the MIR region [1] , [2] . Conventional MIR OFCs can be achieved via mode-locked lasers [3] or through nonlinear effects (e.g., optical parametric oscillation [4] and difference frequency generation [5] ), whereas practical applications out of the lab are rather limited, generally suffering from the high SWaP (size, weight, and power) due to the bulky components often used in those systems. Microresonator-based frequency combs (i.e., microcombs) are promising for portable detection devices as they can be generated on a monolithically integrated chip with miniaturized size [6] . To date, MIR microcombs have been successfully demonstrated on different material platforms, including the silicon (Si) [7] , [8] , silicon nitride (SiN) [9] and magnesium fluoride (MgF 2 ) [10] . Among them, the CMOS-compatible Si platform with the largest χ (3) nonlinearity has attracted a lot of research interest and remarkable progresses have been presented, including mode-locked broadband MIR microcomb at low pump of 80 mW utilizing an integrated positive-intrinsic-negative (PIN) structure allowing for microresonator tuning [8] and a proof-of-principle MIR dual-comb spectroscopy for acetone detection [11] . It is worth to note that, due to the multi-photon absorption effect for Si in the MIR region which introduces extra loss, additional PIN diodes are usually needed to sweep out emitted free carriers [7] . Comparatively, lithium niobate (LN) with a wide transparent window (0.35 μm-5 μm) [6] has negligible multi-photon absorption in the MIR region thanks to its large band gap [12] . Such properties together with both strong χ (3) and χ (2) nonlinearity which could facilitate the four-wave mixing (FWM) process and electro-optic modulation ability [13] , [14] , as well as the photorefractive effect that could help to cavity resonance locking [15] , all make LN an ideal platform for microcomb generation. Recent representative achievements such as photorefractive effect assisted near-infrared self-starting soliton microcomb [13] , along with on-chip electrically programmable selection of a single comb line and fast modulation of its intensity [14] , suggest unique advantages of LN for the near-infrared operation. However, its performance in the MIR region that is meaningful to extend the working wavelength and develop potentials for this kind of material, is still under exploring yet.
Furthermore, microcomb generation is a complex dynamic process involving numerous effects, such as Raman effect which induces self-frequency shift, cancelling and overcompensating soliton spectral recoil [16] , [17] , as well as thermal effect that can change the cavity resonance frequency, causing thermal instability [18] - [20] . Besides, the high-order dispersion (HOD) [21] - [23] and selfsteepening (SS) [24] effects also impose non-negligible influences on emitted solitons both in temporal and spectral domains. HOD has been proved to be useful for extending the microcomb into the normal dispersion regime [25] - [27] , while SS could transform an unstable cavity soliton into the breathing state [24] . Unfortunately, corresponding research on two latter effects are relatively insufficient compared with the former cases, and further investigations are desired to reveal new phenomena and mechanisms in microcomb generation.
In this paper, broadband MIR soliton OFC generated in a slot-waveguide LN microresonator with optimized dispersion design is reported. The proposed microcomb can cover more than fourfifths of an octave (∼2810 nm to ∼4630 nm) for the 30 dB bandwidth if the pump is excluded, which is potential for fully stabilization through the 2f-3f self-referencing technique, combined with the excellent low-threshold advantage (50 mW) which is promising for chip-scale integration of the whole system. Further research on HOD and SS manifests that through Cherenkov radiation the third-order dispersion (3OD) induces soliton drift that could change the soliton group velocity, while the fourth-order dispersion (4OD) can reduce the radiation intensity and drift velocity. In addition, the SS effect brings about a temporal delay which can compensate soliton drift with appropriate 3OD, counteracting its perturbation to the microcomb repetition rate. These investigations could not only help to obtain low-threshold broadband MIR microcombs, but give a method to overcome the soliton drifting problem as well.
Device Design and OFC Generation
Slot waveguides are able to confine optical modes via electric field discontinuity at the boundary of different materials and provide more design freedoms for dispersion tailoring [28] , [29] . Meanwhile, it is possible to realize low-threshold broadband OFCs in slot waveguides owing to the enhancement of light-matter interaction. So far different types of slot waveguides have been realized and implemented in many areas, including small electric field detection [30] , second-harmonic generation [31] and supercontinuum generation [32] . Fig. 1 shows the designed microresonator based on horizontal LN-Si slot waveguides and its group velocity dispersion (GVD). On the silica wafer are the bus waveguide and the micro-ring resonator composed of LN slot and Si strip. The waveguide width w is 550 nm and the height of LN slot s is 165 nm. The height for the upper and lower silicon strips (h1 and h2) are 380 nm and 800 nm, respectively. The cavity radius R is chosen as 80 μm, corresponding to a free spectral range (FSR) of 152 GHz. Broadband phase-matching is facilitated as the GVD varies from −150 ps 2 /km to 0 ps 2 /km over 840 nm wavelength range.
An extended Lugiato-Lefever equation (LLE) [7] , [33] is used to investigate the MIR soliton microcomb generation considering influences of HOD and SS:
where t R is the roundtrip time, E (t, τ) is intracavity filed, t describes the evolution of the intracavity field, τ describes the temporal field, α consists of both propagation and coupling loss, δ 0 is the cavity detuning, L is the roundtrip length, β m = ∂ m β/∂ω m is the m-th order dispersion coefficient, ω 0 is the pump frequency, κ is the power coupling coefficient, E i n is the input field, and γ = 4.09 W −1 ·m −1 is the nonlinear coefficient calculated by γ = n 2 ω/cA eff . The average nonlinear refractive coefficient n 2 is 2.02 × 10 −18 m 2 /W, calculated via a full vectorial model [34] with n 2 (Si) = 5 × 10 −18 m 2 /W [7] and n 2 (LN) = 1.8 × 10 −19 m 2 /W [13] . The span of τ is equal to t R , thus τ one-to-one maps the soliton phase (i.e., the soliton position in one round-trip). A pump of 50 mW at 3.5 μm is employed for numerical simulation and the corresponding β 2 is −30 ps 2 /km, as depicted in Fig. 1. Figs. 2(a) and (b) indicate the MIR microcomb spanning over 1800 nm accesses the single-soliton operation state, while the temporal evolution versus t (Fig. 2 (c) ) shows that the soliton keeps steady in the cavity. The flattened anomalous GVD benefits microcomb generation with a 30 dB bandwidth surpassing four-fifths of an octave (excluding the pump), which could be applied to the 2f-3f self-referencing and hence enable applications in high-precision spectroscopy and astronomical spectrograph calibration [35] . Attributed to the large nonlinear coefficient of designed slot waveguides, the pump power for generating such a wide 
Influences of the HOD and SS Effects
The dispersion curve shown in Fig. 1 is used to investigate the influences of HOD and SS, if not specified. In order to clearly show respective effects, firstly the 3OD is taken into consideration individually with a value of 1.56 ps 3 /km. As shown in Fig. 3 (a) , the temporal field profile exhibits a tail oscillation on the leading side excited by Cherenkov radiation (i.e., dispersive wave (DW) generation), corresponding to the recoil of the peak of spectrum towards longer wavelength ( Fig. 3 (b) ), while Fig. 3 (c) shows that the soliton constantly drifts in the cavity, which is on account of the radiation taking energy away from the soliton [36] . According to the energy and momentum conservation theory, the drift velocity should be proportional to the radiation intensity. Further study shows that the velocity reaches a maximum and then decreases along with increasing positive β 3 , which might be explained as follows: First, the radiation intensity increases since it is proportional to the value of 3OD, as proved in [26] . When β 3 is further enlarged, the reduction in conversion efficiency caused by phase mismatch starts to play an important role. In this case, there is a balance between the radiation gain and the total soliton energy loss, so that the velocity is hardly changed. Once β 3 exceeds a certain value, phase mismatch dominates this process, leading to the decrement of the radiation intensity. Finally, the microcomb disappears and converts into continuous wave with excessive 3OD. Despite 3OD can contribute to wider spectrum generation, the soliton drift translates to the modification of the microcomb repetition rate [23] , which turns to be a challenge if a specific FSR of the microcomb is required.
The influences of 4OD with β 4 of −6.06 × 10 −2 ps 4 /km are shown in Figs. 3 (d) -(f). The peak power of the temporal profile decreases and the comb bandwidth shrinks compared to the results that only GVD is taken into account (see Fig. 2 (a) , (b), Fig. 3 (d) and (e)). It can be explained by the phase-matching condition for the generation of primary sidebands via degenerate FWM process, where P denotes the pump power [27] :
It suggests that higher pump power is needed to meet the phase-matching condition due to the negative 4OD, resulting in insufficient pump for the generation of spectral sidebands and decrease of conversion efficiency. Fig. 3 (f) shows that 4OD does not trigger the soliton drift. When 3OD and 4OD are both taken into consideration, the tail oscillation in the temporal profile ( Fig. 3(g) ) and the DW in the spectral profile ( Fig. 3 (h) ) are not obvious compared to the results with only 3OD, which indicates that 4OD could reduce the intensity of Cherenkov radiation, relieving the soliton drift (see Fig. 3 (i)). All these phenomena reveal that moderate 3OD with near-zero 4OD can facilitate stronger DW generation, which could be advantageous for self-referencing but change the soliton group velocity, while near-zero 3OD with moderate 4OD could help to mitigate the influence on the soliton repetition rate. These results could provide guidance on dispersion tailoring to meet different requirements of OFC properties.
Apart from HOD, the temporal delay caused by SS also affects the microcomb properties in time domain, introducing additional drift velocity. Figs. 4 (a) and (b) display the results when SS and positive 3OD are simultaneously taken into consideration. The soliton drift velocity increases due to the velocity induced by SS while the power of the soliton and the intensity of Cherenkov radiation are nearly unaffected. To further investigate the effects of SS, the sign of β 3 is assumed to be negative and results are shown in Figs. 4 (c) and (d) , indicating that the soliton has an opposite drift direction as the sign of β 3 changes and drifts slower when SS is taken into account. Based on these observations, it is reasonable to imagine that, 3OD induced perturbation to the microcomb repetition rate can be suppressed by compensating soliton drift through SS under optimized dispersion. An example is given in Fig. 5 , wherein with appropriately choosing 3OD the steady-state soliton could be obtained in the presence of SS. 
Conclusion
In conclusion, a LN microresonator-based soliton frequency comb in the MIR region is demonstrated for the first time, exhibiting advantages of both broadband and low-threshold properties. With optimized structure design the proposed microcomb can cover a spectral range over four-fifths of an octave (corresponding to a 30 dB bandwidth of ∼1820 nm) with pump power as low as 50 mW. The intracavity evolution processes influenced by HOD are also investigated, and the results suggest that the 3OD can facilitate the DW generation while affect the soliton repetition rate by triggering the soliton drifting. Comparatively, the 4OD can decelerate soliton drifting by reducing the emitted DW intensity. Furthermore, the SS effect that introduces temporal delay without affecting the spectral envelope, can be applied to compensate soliton drifting with proper 3OD. These results could not only contribute to the broadband MIR frequency comb generation technique for practical applications thanks to its low pump requirement and integrability, but also offer a possible method to solve the soliton drifting problem.
